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SUMMARY
Large amplitude free vibrations of rectangular plates with different boundaries and temperature distributions are
analyzed in the light of Berger's analysis. A successive approximate method of Poincaré [10, 1] or a modified Galerkin
technique is used to derive a Duffing type non-linear differential equation of which the solution is obtained by use of
elliptic functions or by the use of method of successive approximation 7, 1].

The subject is treated in a simple and unified manner. Numerical results are obtained for different boundary con-
ditions and are shown in graphical form.

1. Introduction

There is growing interest in the large deflection vibration problems of elastic plates particularly
in the field of high speed aerodynamics. To the author’s knowledge, only a few works are
available in this direction. Chu and Hermann [15] used the perturbation method to solve the
free large-deflection vibration of rectangular plate with hinged, immovable edges and with
constant thickness. The exact solution for large-deflection vibration of the lenticular unsup-
ported plates was discussed by Harris and Mansfield [ 12]. While Mansfield pointed out in his
papers [13, 14] in 1962 and 1965 respectively about the possibility of exact solution of such a
problem due to its lenticular section and unsupported edge, it should be noted that such exact
solution is difficult for any supported plate with constant thickness. Sunakawa [1] used the
Poincaré’s method of successive approximation to solve the exact non-linear equations of
heated rectangular plate with clamped or simply supported edges for both static and dynamic
cases. But in all these studies, the fundamental equations of equilibrium or. motion are non-
linear and coupled in character and as such they are difficult to solve.

An approximate method for investigating the large deflections of initially flat isotropic
plates has been proposed by Berger [4]. Though this method which consists of neglecting the
so-called second strain invariant of the middle plane in the expression for strain energy, lacks
sufficient technical interpretation for its justification, this analysis yields results agreeing with
known studies for all practical purposes [4]. Since then a number of static and dynamic prob-
lems have been solved with remarkable ease and satisfactory approximation by using this
method [2, 3, 5].

The purpose of this investigation is to use Berger’s technique of neglecting the second strain
invariant of the middle surface, for the study of large amplitude free vibrations of heated
rectangular plates with different boundary conditions.

In this paper, the author has derived the analogue of Berger’s approximation equations for
the large amplitude free vibration of a heated rectangular plate. These approximate, decoupled
equations are solved by employing either successive approximation method or Galerkin’s
technique. Numerical results are obtained on the digital computer IBM 1620, for different
boundary conditions and temperature distributions. Comparisons with the known results of
[1] asserts the usefulness of Berger’s approach to yield results sufficient for all practical pur-
poses.
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Notation
2a,2b,d
t

u, v, w

z(0, 1)

215 Z3

Note: 1)

ii)

length, width and thickness of the rectangular plate, respectively

time

M. C. Pdl

displacement components in the middle plane in the x-, y- and z-directions re-

spectively
displacement at the centre of the plate

absolute values of the maximum and minimum non-dimensional amplitude re-

spectively
flexural modulus of rigidity
ER®

D=5am

Young’s modulus of elasticity and shear modulus, respectively

total energy of the vibrating system

complete elliptic integral of the first kind
linear and non-linear periods respectively
coefficient of linear thermal expansion and density of the plate material

constant of integration
non-dimensional time

temperature change from the initial state
mean temperature and temperature moment

aspect ratio of the rectangular plate
Poisson’s ratio
Airy’s stress function

linear and non-linear circular frequency respectively
harmonic and biharmonic operators respectively

(73R E)

Subscripts “x” and “y” denote the partial differentiation with respect to x and y

respectively.

Subscripts “s”, “c” and “mn” specify the quantity for the cases of the simply sup-
ported on all edges, clamped on all edges and simply supported on two opposite

edges and clamped on other edges respectively.

2. Fundamental Equations

The fundamental equations of motion of a heated rectangular plate due to Berger’s analysis are

DV*

12D
Ve
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In the derivation of the above equations, the effect of the internal friction, aerodynamic force

and inertia effects in the plate plane are neglected.
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Figure 1. Rectangular elastic plate.

Boundary conditions for different cases are given as follows :
(1) Simply supported on all edges,

w=0

Dot ) + Edaf) _ of & x=0,2a (6a)
1—v

w=20 ]

D(w,,+vw.) + Eldi":g - oi aty=026. (€0)

(ii) Clamped on all edges

w=w,=0 at x=0,2a

w=w,=0 at y=0,2b "~ (7)
(iii) Simply supported on a pair of opposite edges and remaining edges clamped

w=0

Do) + ‘?d_i: 30 at x =0, 2a (8a)

w=w,=0 at y=0,2b. (8b)

The temperature distribution dver the plate is assumed to be symmetrical with respect to the
centre of plate and is given as

9=Zi)§)9i,-cos%rafcosj—27%, (,7=0,2,4, ... even) ©)
gszzgl,qsinﬂ)j sin gﬂ,(p,q:]_’ 3’ iodd) (10)
P g 2a 1b

It is assumed in equation (10) that there exists no temperature gradient through the thickness
at the edges. Since it seems to be natural to expect that there exists no remarkable difference
between the wave form of the present non-linear vibration and that of the small vibration [11],
the lowest mode of vibration is assumed to be the same as the deflection form due to the tem-
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perature change only, and the normal displacement of the plate at any time is assumed as the
sum of the displacement due to the temperature change and the amplitude of vibration, as

w(x, y; 6, 1)=z(6, ) wi(x, ) (1)
where
z(6,t _
CD) 20+ 0o (12)
. WX ny
o X 13
w, (x, y) =sin s % (13)
: ,
w, (x, y) = 3 (1 —~cos Eaz) (1 —cos %) (14)
( Ly {—cos 2 ) (15)
wh(x, y) = 3 in 2 2 08 5
The expressions (13), (14) and (15) for w; satisfy the boundary conditions (6), (7) and (8) re-
spectively.

Using the expressions for 0 and w in equation (2) and integrating throughout the plate, we
obtain the value of k? supposing that there are no in-plane displacements at the edges of the
plate and these are as follows:

o 16 G} 2
ol 1) G- =
o BT} e

For the case, when the plate is simply supported on all edges, the term §, (temperature
moment at the edges) is added to the right-hand side of equation (10) for the general expression
of the temperature moment. The equation of motion (1)is solved by a successive approximation
method due to Poincaré [10] satisfying the boundary conditions (6), which finally gives the
non-linear differential equation (16). However, the presence of 8, does not introduce any new
phenomena in the present dynamic problem, but only results in complicating the calculations ;
so the equation (16) is obtained from equation (1) for the other two cases of boundary condi-
tions, that is clamped on all edges and two opposite edges simply supported and remaining
edges clamped omitting the term 0, and using the modified Galerkin method only

?\\A
v
il
(1)

k

S

i

Il

ERS]

d*z
I + 320420+ fi(zo+2) =9 . (16)

Eliminating the part in equation (16) corresponding to the deflection state due to the tempera-
ture change only, we have the following equation corresponding to the vibration state:

d*z
2 + (f1+3f320)2+3f 3202+ f32° =

The equation corresponding to the deflection state due to the temperature change is
fizo+fizg=g (18)
where
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Equation (17) is the equation of vibration. Equation (18) gives z, (6) which is the static solution
of the problem. The solutions of equation (18) have already been given by the present author
in [9] and the analytical solution of equation (17) is given in the following section.

3. Analytical Solution

Using the relation

E=fi+3f3z51 (29)

equation (17) is reduced to

d’z
el + I+ L7+ 322 =0 (30)
where
f, = 3f§20
P+
31
.- A (31)
> f1+3f320
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The solution of equation (30) may be obtained in terms of the incomplete elliptic integral
[7, 12], but such solution is complicated and not suitable for practical applications and there-
fore, a method of successive approximation [7] is used to obtain the required solution.

Now, by using the transformation

(=14 p¢ (32)

equation (30) is transformed into :

2.._

(48 Gz + 7= =7 o7 (3

Let z, and —z, be the maximum and minimum amplitude respectively of the displacement z;
then, f and Z are expanded in the power series of z, as

f=—Biz2+p223—Psz3+ ... (34)
Z= -0z +n2(0) 23 ~n3(0) 5 + ... (35)
Substituting equations (34) and (35) in equation (33) and equating the coefficient of z, and its
higher powers to zero, we obtain a set of differential equations in 4, #,, 43, ... with coefficients
consisting of f§,, f,, B3, ... . Solving these equations by the successive approximation method
[1, 7], under the initial conditions #,(0)= 1, #,(0) =#5(0) = ... = 0 and #,(0) = 7,(0) = 75(0)=
.. =0, we can get the values of 8, 8., f5, ... and 5y, 75, 113, ... . Thus, the solution of equation
(33) in the final form becomes

I={—ha+318-ELE-BLAA+E -85 -+
{2+ 38~ fi 1) B+ -85+
~(For3 3 — 33535 s T 1651 )Zg-l—...}!cos {+
$Li—3fin+Gf 300 a- 133+ ...} cos 20+

{(—&fi+5a)B+Gs 3+ )25 — (/5 — 343 fi— s/ +..}
cos 3(+

(@S 3+ 36578 — (haf S+ A1 f3 )55 + ...} cos 4L+
{~ oS s+ 2fwf3 fo+ S Dzs+ .} cos 5L+ .. (36)

Equation (36) is the solution of equation (33) when the amplitude of vibration is expressed as
the function of z, and {. Here, for the case of infinitesimal value of z,, the constant term and the-
higher harmonic terms in equation (36) can be neglected except only the fundamental harmonic
term which is the solution of the linear theory. Equation (36) is the periodic function with
respect to { with the period, 2.

The period of the motion is given by

_ 2n(2b)*  pd

V13325

T*(t) = IH‘(Sf%"gfa) — G fi-5f 15+

+(%*f§ 183 fi+756S3)5— .1, (37)

Equation (36) and (37) give the amplitude and period of the nonlinear vibration of the above
mentioned plate subjected to the change in temperature, The period is a function of the am-
plitude, which is the characteristic of the non-linear vibration, and changes with the thermal
stress and deflection due to the temperature change. Next, the relation between the maximum
and minimum values of amplitude, z; and —z,, is given below:

Applying the so-called energy integral to equation (30), the following equation is obtained
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=\2
(j—é) +22 443,23+ 11,7* = 2E. (38)
Here, E is the total energy of the vibrating system.

For extremum dz/d{ =0 at z=z,, —z, and this condition reduces equation (38) to

Z%(l“}‘%fzzﬁ‘%faz?):Z%(l—%fzzz‘l'%faZ%):zE (39)

z, and z, can be determined independently whenever E is given in accordance with the initial
conditions.
For the pre-buckling state, equation (30) is reduced to
dzf 1z 153
Ez“"flz"*‘fzsz =0 (40)

for, in the pre-buckling state, z, = 0 gives f, = 0. Therefore, through the energy integral, equa-
tion (40) is reduced to

z dz
:ij Frl 122 1714
0\/2Ef1_f1z -2f3z

— 1 S"” do
Ui+ ) J1-Kicos? g
where
Z i fiz2
Z =sing, K2= __J3%2
Lo Ki=rgr i

The sign of the above integral is taken to be positive or negative according as Z increases or
decreases with the increase of 7. The period of the non-linear vibration, T* is given by

4(2b)? d |
T*(1) = *T-(f,)—T___? P KK (41)
\/fl +f3z3 ¥ D
where K (K ;) is the complete elliptic integral of the first kind.

4, Numerical Example

Let us assume the temperature distribution on the elastic plates as

g0 sin Fsin ™
6—6—@sm2asm2b

=0 thatis g=0 (42)

The plate buckles at the critical temperature 6., and so its vibration behaviour is studied

separately for each of the cases before and after the thermal buckling.
Equations (20), (21), (22) with the help of equation (42) give

1y 64 1% [2b\?
167 3+202 4374 256 1\ [2b)\2
fe==3 2R 7)(7) = 430)
. lemt 1 3\ 25 3\ [2b\2
Fim=== gt y5m) 5 L 32) 5 @ - @9
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Figure 2. Relation between temperature rise and deflection at the centre of plate.
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Figure 3. Variation of thermal buckling coefficient with aspect ratio.

M. C. Pal

The critical temperature @, and the deflection at the centre of the plate after buckling are
obtained with the help of equations {18) and {42) and shown in Fig. 2 for different cases. The
relations between the temperature and the aspect ratio A are also presented in Fig. 3. The

behaviour of the plates before and after buckling is discussed below.
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All edges simply supported
——--—— All edges clamped

——— Two edges simply supported and other
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Figure 4. Influence of large amplitude on period of vibration of rectangular plates.

4.1. When ©< ©,(z, =0)

The variation of T*/T with the amplitude and teniperature is given by equation (37) or (41)
and show in Fig. 4 for different edge conditions. It is noted that the results agree with those
obtained by Thein Wah in [2]. The variation of the circular frequency with the temperature is
shown in Figs. 5, 6 and 7 for different boundary conditions with the amplitude as parameter.

Figure 5. Variation of frequency of vibration of plate with temperature rise and large amplitude, simply supported
edges (A=1).
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Figure 6. Variation of frequencies of vibration of plate with temperature rise and large amplitude, clamped on all
edges (A=1).

Figure 7. Variation of frequencies of vibration of plate with temperature rise and large amplitude, simply supported on
two opposite edges and other edges clamped (A = 1).

It is observed that the circular frequency for pre-buckling state decreases with the increase of
temperature and increases with the increase of amplitude. This is in agreement with Sunakawa

in [1].
42. When © >0, (z,#0)

Using the values of z, from equations (18) and (42) in equation (37), the variation of the circular
frequency with the temperature for various values of amplitude is obtained for A=1 and the
behaviour is shown in Figs. 5, 6 and 7 for different edge conditions. Here, the circular frequency
increases with the increase in temperature and decreases with the increase in amplitude when
the temperature is constant, as observed by Sunakawa in [1]. This characteristic is opposed to
that of the pre-buckling state.

During the post-buckling state, Figs. 5,6 and 7 show that the non-linear free vibration
ceases to occur when z, > z, or at that maximum value of z, corresponding to which the curve
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for ©, > @, intersects the abscissa at certain temperature. At this maximum absolute value of
minimum amplitude, the plate suddenly jumps from one position of equilibrium z=0 to the
new position of equilibrium z = — 2z, (obtained from equation (38)), that is, the snap-through
phenomenon takes place. After the occurrence of such a phenomenon, the plate will start to
vibrate about the new position of equilibrium.

The above results are shown when the direction of the deflection due to buckling is towards
the upper side. Due to symmetry, a similar nature of vibration can also take place when the
direction of the deflection due to buckling is towards the lower side.

5. Conclusions

Berger’s analysis has been applied in deriving the simplified, decoupled equation of motion for
large amplitude free vibration of heated rectangular plates. Poincaré’s successive approxima-
tion method in [ 10] or Galerkin’s technique is used to derive a non-linear differential equation
of Duffing type which is solved by the use of either successive approximation or elliptic integrals
[ 7]

Numerical results are obtained for the vibration of a rectangular flat plate subjected to
heating with different boundary conditions such as (a) all edges simply supported, (b) all edges
clamped and (c) two opposite edges simply supported and other edges clamped. The results
are in remarkable agreement with the already known results in [1].

An analysis, such as treated here, will be of considerable importance for supersonic airplanes
and missiles, especially in studying the non-linear transient phenomena of vibration of struc-
tural components subjected to the thermal shock. It is also evident that Berger’s approach
presented in this paper yields results entirely adequate for many engineering applications.
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